Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 1

One elementary row operation at a time:

2.0 8 0 4\, (10 4 0 2
11 -1 1 2 | 211 11 2
0 1 3 2 z+42 0 1 3 2 242
1040 2

fotfi 1o 138 1 242

013 2 242

1040 2

Rl 1381 242

0001 0

1040 2

forfs g1 3 0 242

0001 0

Every pivot is 1 and is the only nonzero entry in its column, so this is the RREF"
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Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 2

Yes. First, ¥ and o are linearly independent (neither is a multiple of the other: « has a 0 where ¢ has a
3). Try adding €5 and €4 and row reduce [0 @ €3 €y |:

1100 1 1 00
3 0 0 0| Ry—3R1, R3—2R; |0 =3 0 O
2 210 0 0 10
0 2 0 1 0 2 01
1100
~3R (01 0 0
0010
0 2 01
1 0 00
Ri—Ry, R4—2R, |0 1 0 O
0010
0 0 01

There is a pivot in every column, so {¥, W, €3, €4} is linearly independent. Four linearly independent vectors
in R* form a basis:

Sl

&l
o= oo
- o o o

Check: the same matrix has determinant (expand along column 4, then column 3) det l:l)) (1)] =-3#0.



Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 3

Cofactor expansion along the first row:

21 11 1 2
dethZdet(l 2>—1det<1 2)+1det<1 1)22(3)—1(1)+1(—1):47é0,

so B is invertible. Row reduce [B | I']:

21 1|1 0 0 1 2 1]/0 1 0
12 1101 0|22 091 101 0 0
11 2/0 01 11 2/0 01
R2RRR1210 1 0
AT Il 0 -3 —1|1 =2 0
0 -1 1(0 -1 1
1 2 1]o0 0
Fools 1 g 1 1]0 -1 1
0 -3 —1|1 -2 0
1 2 1]lo 1
ol 1 —1]o0 1 -1
0 -3 —1|1 =2
Ri—2Rs, R343R 10 3)0 - 2
1—2,3+201_10 1
00 —4/1 1 -3
10 3| 0 -1 2
1
_ZR3
— |01 —-1| 0 1 -1
1 1 3
00 1]-= —= =
L 4 4 4 ]
3 1 1
1 z - _Z
00444
R1—3R3, Ra+R3 01 0 1 3 1
4 4 4
1 1 3
11— —= =
_OO 4 4 4 ]
The left block is now I, so the right block is B~
L3 -1 -1
B*121—13—1
-1 -1 3

6-1-1 —2+43-1 —2—-1+3
Check: BB'=13-2-1 —-146-1 -1-2+3]|=1I
3-1-2 -1+3-2 —-1-1+6



Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 4

Write C for the matrix. Expand det(C' — AI) along columns/rows with a single nonzero entry:

—41 — A 3 12 2
0 3—A 1 6
det(C' — AI) = (=1 — ) det 0 0 2 0 (column 1)
0 2 2 1=
3—A 1 6
=(=1=XN)(-41—=XN)det| 0 2—2A 0 (column 1)
2 2 1=
= (—1— A)(—41 — A)(2 — A) det (3 R A) (row 2)

(=1 = A)(=41 = A)(2 = N)[(3 = A)(=1 — \) — 12]
(=1 = A)(=41 = A)(2 = N (A2 =2\ — 15) = (=1 — A)(—41 — \)(2 = A)(A = 5)(A + 3).

Eigenvalues: ’—1, —41, 2, 5, =3 ‘
Check: the eigenvalues must add up to the trace: —1—4142+5—-3 = —38 = (—1)+(—41)+3+2+(—1).




Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 5

A vector ¥ is orthogonal to the column span of D exactly when it is orthogonal to both columns, i.e.
DT# = 0. Row reduce DT

1 3 0 0| Ro—ry |1 3 0 O
1 0 3 6 0 -3 3 6
tra [1 3 0 0

01 -1 -2

R1-3R, |1 0 3 6

01 -1 =2

T3, x4 are free: x1 = —3w3 — 614, T2 = T3 + 224. SO

-3 —6

S = span 1 , (2)
0 1

Check: with the columns (1,3,0,0) and (1,0,3,6): (—3,1,1,0) gives =3+ 3 = 0 and —3 + 3 = 0;
(—6,2,0,1) gives -6 +6=0and —6+0+6 = 0.



Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 7

Find all (w,z,y, z) with T'(w, z,y, z) = 0, solving one equation at a time:

e 20=0=w=0.
e bw—rx=0=2=0.
e TwWH+2x+y=0=9y=0.

e LBw+4lx+1ly+42=0=42=0=2=0.

Only the zero vector is in the kernel, so |dimkerT = 0|

5 —1 0 0
. . . .12 0 0 0 . .
Check: the matrix of T' (variables in the order w, z,y, 2) is 7 9 1 ol whose determinant is 8 # 0
13 41 11 4

(expand along the last column, then the third: 4 -1 - det l; _01] =4-2 =8). An invertible matrix has

rank 4 and nullity 0.



Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 8

Eigenvalues. G is similar to B, so it has the same characteristic polynomial:

det(G — M) = det (A(B — AI)A™!) = det A det(B — AI) = (2= N)3(=1-\).

det A

So the eigenvalues are ’)\ =2 (twice) and A = —1 ‘

Eigenvectors. If Bl = A\ii, then G(A#) = ABA™1Aii = AB#@ = A\(A%@). The eigenvectors of the diagonal
matrix B are €1, (for 2) and €3 (for —1), so the eigenvectors of G are Aéy, Aey, Aés, the columns of A.
Since det A = 1 # 0 these are independent:

1 0 0
FEs = span 2 1,11 , E_; =span 0
-1 3 1
2 0 0]
Check: computing G = ABA='=| 0 2 0 | directly: G(1,2,-1) = (2,4, -2), G(0,1,3) = (0,2,6),
-21 9 -1

G(0,0,1) = (0,0, —1).



Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 9

(The question says “A”; it means F'.) The eigenvalues are 0,1,2. For each, row reduce F' — AI and solve
for the null space.

A=0:
L
1 £ =
2 5 1] 1 2 2
2
0 -3 1| =— o -3 -1
2 14 4
2 14 4
;) 201
2 2
R3s—2R,
— |0 -3 -1
0 9 3
]
L33
1
—3f2 1
—)01,
3
0 9 3
i} .
10—3
Ri—3 Rz, R3—9R 1
/01 _
3
0 0 O
1
Basis: —1
3
A=1
1 5 1 5 1
0 —4 —1| B2l 4
2 14 3 0 4 1



Basis:

Check: F(1,—1,3) = (0,0,0), F(1,

0
0
2

)
-3
14

—1,4) = (1,-1,4), F(2,-1,5) = (4, -2,10) = 2(2, —1,5).

-1

5 1
1
—4R
412 1 }
4
4 1
R1—5R2, R3—4R>
1 2 14
—q| e g s
2 0 b5
%Rl 1 7 1
= [0 =5 -1
0 5 1
7 1
1
—zR
512 1 }
5
5 1
R177R2, R3*5R2




Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Final, Spring 2025 — Problem 10

The map. Multiply:

T O ) B e B ) [ O

rotate 180° shear

So T'(z,y) = (—z +y, —y): a horizontal shear (x,y) — (x —y, y) followed by a rotation by 180° about the
origin. Reading the columns: 7'(1,0) = (—1,0) and 7°(0,1) = (1, —1).

The smiley face. With the origin at the center: the round face becomes a slanted ellipse (a shear turns
a circle into an ellipse) and the whole picture is upside down. A point on the eyes at height y > 0, e.g.
(%a,b), goes to (Fa + b, —b): the eyes end up below the center and shifted right by b. The smile, which
is below the center (y < 0), ends up above the center, curving downward like a frown, and shifted left.
Points on the z-axis are only flipped: (z,0) — (—z,0).

Bonus. Expand along the first row:

det A(x) =2(x* —1) =1z — 1)+ 1(1—2) =2 =3z +2 = (z — 1)*(z +2).

So A(z) is invertible exactly when ’x #1and x # —2 ‘ For the inverse write A(z) = (v — 1)I + J, where
J is the all-ones 3 x 3 matrix, which satisfies J? = 3J. Try A(z)~! = ol + BJ:

(z—DI+J)(al+p))=(x—1)al + (a+ (x—1)+38)J =1

requires o = 1 and o+ (x +2)8 =0, soﬂ:—( 711

r—1 —1)(z12)
z+1 -1 -1
1 1 1

Alx)™t = I— J)=——| -1 z4+1 -1

x—1< T+ 2 ) (x —1)(x + 2) 1 1 oe41

1 -1 -1 01 1

Check: at x = 0 this gives —% -1 1 -1, and multiplying by A(0) =1 0 1| gives I.

-1 -1 1 1 1 0



