Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Midterm 2, Winter 2024 (Yang Zhang) — Problem 1

The echelon form B has pivots in columns 1 and 2.

)

(1) Row operations keep the row space, so the nonzero rows of B are a basis: ’{(1, -1,1,1), (0,1,2,1)}
and dimrow(A) = 2.

1 —1
(2) The pivot columns of A itself (columns 1 and 2) are a basis: 20, =2 ¢ |, and dimcol(A) = 2.
1 0
(3) |rank(A) = 2| (the number of pivots).
(4) Solve Bx = 0 by back substitution, with z3 = s, 24 = t free. Row 2: 29 = —2s —t. Row 1:
x1=x9—x3—x4=(—25—1t) —s—t=—3s— 2t.
-3 -2 -3 [—2
—2 ~1 —2| |-1 . B
x=s| |+ t BE Nul(A) = span 1110 , nullity(A4) = 2.
0 1 0 1

Check: A(—3,-2,1,0) = (—3+2+1, —6+4+2, —3+3)=0and A(—2,-1,0,1) = (—2+1+1, -4+
242, -2+42)= 0; also rank 4+ nullity = 2 + 2 = 4 columns.



Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Midterm 2, Winter 2024 (Yang Zhang) — Problem 2

(1) No. A basis of R? has exactly 3 vectors; any 4 vectors in R? are linearly dependent.
(2) Row reduce [A | I]:

111100RRRR'111 100
1 2 2(0 1 0| =210 11|-110
1 2 3|00 1 01 2/—-1 0 1
RRRR'loo 2 -1 0
T BTl ) 01 1] =1 1 0
00 1] 0 -1 1
100/ 2 -1 0
forls 1 g 1 0]-1 2 —1
00 1| 0 -1 1
2 -1 0
Al=1-1 2 -1
0 -1 1
1 00
Check: AA =10 1 0
00 1
(3)
2 1 0ol[1 2
x=A""b=|-1 2 -—1| 0| =|]|-1
0 -1 1110 0

Check: 2u; —us+0uz=(2-1,2-2,2-2)=(1,0,0) = b.



Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Midterm 2, Winter 2024 (Yang Zhang) — Problem 3

(1) The plane z —y+2z = 0 has y, z free with © = y — 2z, so a basis is (1,1,0) (y =1,z =0) and (2,0, 1)
(y =0,z =1). Use them as columns, padding with zero columns to get a 3 x 4 matrix:

1 -2
T(x)=11 0
0 1

o oo
o oo
%

The range of T' is the span of the columns, which is span{(1, 1,0), (—2,0, 1)}, exactly the plane. 7" is not
one-to-one because T'(e3) = 0 with es # 0.

Check: (1,1,0): 1—1+0=0; (—2,0,1): —2—0+2 = 0.
(2) Multiply both sides of (D + XB)"1XA = C on the left by D + X B:

XA=(D+XB)C = DC+XBC = XA-XBC = DC = X(A-BC)=DC = |X = DC(A-BC)™"|




Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Midterm 2, Winter 2024 (Yang Zhang) — Problem 4

(1) T(x) =x <= (A—1I)x =0. Row reduce A — I:

00 1 10 1
10 1| B2l o 1
101 10 1
(1 0 1]

fsmfho 1y o0 1

00 0

[1 0 0]

Eizh LN N |

00 0

So x1 =0, 3 = 0 and w9 is free: ’S =span{(0,1,0)}, dimS =1 ‘

Check: A(0,1,0) = (0,1,0) (the second column of A).

(2) Row 3 has a single nonzero entry, agq = 1, with sign (—1)3** = —1. Expand along row 3, then along
the last row of the 3 x 3 minor:
-1 1 1 11
det A= —1-det |1 —1 0f =—(1-det )=-0+1)=-1.
-1 0
1 0 O
And det(A~1) = —.
det A

det A=—1,  det(A™!)=-1|




Unofficial worked solution — written by UWMathFinder, not by the instructor. Spot an error? Report it on the site.

Math 208 Midterm 2, Winter 2024 (Yang Zhang) — Problem 5

Let vy,...,vy4 be the four inputs. Row reduce [vy vy v3 vy ]:
1 1 1 1 1 1 1 1
1 1 -1 2 Ro—R1, Rs—R1, R4— Ry 0 0 -2 1
1 -1 1 3 0o -2 0 2
1 -1 -1 3 0o -2 -2 2
1 1 1 1
RQHR;:, 0 *2 O 2
0O 0 -2 1
0o -2 -2 2
1 1 1 1
SR |0 1 0 -1
0o 0 -2 1
0o -2 -2 2
1 2
R1—R2, R4+2R> 0o -1

o O O
o O = O
|
\)
—

-
1
o0 1 —=
2
00 -2 0
_ 5_
1 0 0 =
2
R1—R3, R4+2R3 010 -1
— = AT,
0011
2
00 0 -1
_ 5_
1 0 0 =
2
_R4010—1
-
1
001 —
2
00 0 1




R1—%R47 Ra+Ry, R3+%R4

o O O
O O = O
o= O O
o o O

Four pivots, so the inputs are linearly independent and form a basis of R%.

Their images are (0,—1,0,0), (0,0,0,1), (0,0,—1,0), (1,0,0,0), which are 4 the four standard basis vectors,
so they are linearly independent too.

Now suppose T'(x) = 0. Write X = ¢1v1 + cava + ¢3V3 + cavy (possible since the v; form a basis). Then
0= 1T (v1) + -+ c4T(v4), and independence of the images forces ¢; = co = ¢3 =c4 =0, so x =0. The
kernel is {0}: yes, T is one-to-one.



